Received XX Month XXXX; revised XX Month, XXXX; accepted XX Month XXXX; posted XX Month XXXX (Doc. ID XXXXX); published XX Month XXXX Ultrashort pulses from Kerr-lens mode-locked oscillators have inspired a variety of applications. The design and alignment of these laser resonators have thus far been theoretically supported by the conventional analysis of beam propagation. However, the well-established theoretical framework is sometimes beyond the scope of high-power oscillators, including recently developed thin-disk oscillators. In this paper, we analyze the geometry of ring resonators by extending the ABCD-matrix method to a high-power regime. The guideline to achieving stable Kerr-lens modelocking is provided for high-peak-power pulses.
Introduction
Kerr-lens mode-locking (KLM) is the most common technique for generating ultrashort laser pulses. Following the original demonstration of KLM in a Ti:sapphire resonator [1] , generation of nJ-level femtosecond pulses having a wavelength ranging from visible to near-infrared has been achieved [2] [3] [4] [5] . Recently, pulse energy at the μJ-level has been obtained directly from Kerr-lens mode-locked thin-disk oscillators [6] [7] [8] . These reports represent some of the most powerful capabilities of KLM methods thus far.
Earlier works have presented a general framework for designing these solid-state laser resonators. In theory, KLM is well-explained by the power-dependent gains or losses caused by the variation of the transverse mode in the presence of the self-focusing effect [9] . This behavior can be evaluated using the relative spot-size variation [10] , defined as
where ( ) is the spot size at the Kerr medium as a function of the intracavity power, . Until now, the parameter was mostly used to design and analyze typical KLM resonators and to experimentally find the optimal conditions [8, [11] [12] [13] . This framework led to detailed KLM analyses of commonly used linear or ring resonators [14] [15] [16] [17] [18] [19] . Moreover, KLM has been studied from various perspectives, such as that of the unidirectional operation of the ring resonator [19, 20] and the enhancement of the Kerr effect using a highly nonlinear medium [21, 22] . Additionally, a more realistic approach was developed by using the theoretical treatment of thermal lensing, astigmatism, gain-guiding effect, and spatiotemporal dynamics [17, [23] [24] [25] [26] [27] .
One remaining question asks how high the peak power of the intracavity pulses can be obtained via KLM. The answer should be related to the dynamics of self-focusing. This is scaled by [10, 28] ,
where and are the linear and nonlinear refractive indices of the Kerr medium, is a laser wavelength, and α is a constant calculated to 1.86-2.0 in the case of Gaussian profile. Despite many earlier works, there have only been a few that discussed how the behavior of KLM depended on the strength of the self-focusing effect. A notable theoretical work [29] reported the saturation of KLM when / approached 1, which is equivalent to the upper limit of the achievable peak power via KLM. In contrast to theory, the Ti:sapphire resonator of Ref. [1] satisfied / > 1, calculated from the reported peak power of 90 kW with a 3.5% output coupler ( = 2.6 MW and = 2 MW for a Ti:sapphire crystal). In the thin-disk oscillator of Refs. [6] [7] [8] , where the Kerr medium was not a laser crystal but was a fused silica or sapphire plate, / was estimated to be 2-30. These demonstrations suggest that the KLM analysis in a high-power regime are important to the design of high-peakpower oscillators.
In this work, we numerically analyze beam propagation with peak powers around in a resonator to better understand the KLM, particularly in the high-peak-power regime. Based on a simple ABCD-matrix method, we find that the stable region of the pulsed mode in the resonator where / is sufficiently large differed significantly from the continuous-wave (CW) limit: / = 0. Moreover, we extend the analysis based on Eq. (1) to characterize the stability of intracavity pulses with high-peak power. Our analytical approach helps to understand the intracavity dynamics of KLM.
Method
Our analysis models a ring resonator, as shown in Fig. 1 . We neglect the astigmatism of oblique incidence to a Kerr medium and mirrors, and the beam propagation in the ring resonator is equally represented, as shown in Fig. 1(b) . We assume that the spot size of the pump beam is always aligned smaller than that of the resonant intracavity beam, as shown in the inset of Fig. 1(a) . This alignment is a common technique, called "soft-aperture KLM" [7] , where the higher gain favors the smaller spot size in the gain medium. The radius of curvature of each concave mirror is 30 mm, corresponding to the focal length, , of 15 mm. The thickness, , and refractive index, , of the medium is 2.5 mm and 1.76, respectively. is 180 mm, and the laser wavelength, , is 800 nm. These parameters are typically used for the Ti:sapphire ring oscillators with GHz-level repetition rates [30, 31] . In the ABCD-matrix calculation, not only the repetition rate (~c/(2 + )), but also the ratio between , , and , determines the beam propagation. Compared with the linear resonator, the ring resonator has a single stable region, as described in Eq. (3), whereas the linear resonator has double stable regions [9] , as if comprising two ring resonators. Therefore, the understanding of KLM, based on the ring resonator, is clearer and analogous to the linear resonator.
We first use the formalism based on the ABCD matrix to calculate the self-consistent Gaussian mode. In the case of linear propagation, the stable region is given by c e e c 2 2 2
where = / is the effective length of the medium, and is the distance between the concave mirrors. In our case, Eq. (3) results in 31.08 mm < < 37.08 mm. These lower and upper bounds are expressed as and , as shown in Fig. 2(a) . The nonlinear propagation effect caused by self-focusing is included by using the following matrix [10] .
  e e 1 ( )
The parameter depends on the intracavity power and is expressed by
where = / is the normalized intracavity power, is the spot size at the center of the medium, and is the spot size at the beam waist calculated as if = 0. A formalism using both linear ABCD matrices and the matrix of Eq. (4) allows us to calculate the pulsed mode in the high-power regime. However, Eq. (5) has difficulty with multivariable analysis, because both and depend on intracavity parameters and peak power. Earlier works demonstrated KLM analysis based on only a single variable, such as , , or [10, 11, 16, 29] . For multivariable analysis, we modify Eq. (5) as follows:
where = − λ/π is the reciprocal of , given by the radius of the curvature, , and the spot size, , at the incident surface of the medium. After the parameters are set, the calculation of the roundtrip ABCD matrix of the resonator, including matrix ( ), leads us to find the parameter of any plane, which becomes the iterative solution to the self-consistent equation:
= [ ( ) + ( )]/[ ( ) + ( )], with = ( ), given by Eq. (6) . We next define the following parameter, extended from Eq. (1), to evaluate the stability of the pulsed operation,
Eq. (7) represents the relative spot size variation in perturbation to the normalized peak power of . The case of = 0 corresponds to Eq. (1). The negatively larger in the gain medium leads to a higher gain under the soft-aperture condition. Compared with Eq. (1), the parameter deviates from the parameter when approaches 1. Therefore, the evaluation of is important to achieve peak power near ≳ 1. For example, if is positive, the pulse is considered unstable and the peak power will decrease. This is caused by the gain-loss balance in the modelocking process, as described in the role of saturable absorbers and selfamplitude modulation [32] [33] [34] .
Result
We first show that the transverse dynamics of pulse propagation in the ring resonator has significant differences from those of CW propagation. Figure 2 represents the variation of the spot size at the outside center of the resonator ( /2 distant from L1 or L2 in Fig 1(b) ) as a function of and . We found the self-consistent solution only in the colored region, where the spot size is finite. The finite value out of the color range is also displayed with the maximum or minimum color. In some conditions is the thickness of the medium, neglecting the oblique incidences, and , are the shorter and longer propagation distances between the concave mirrors, CM1 and 2, respectively. The inset illustrates the assumption of the pump-to-laser overlap and the position to calculate . L1 and 2: a pair of lenses with the same focal length as CM1 and 2.
near the stability edge, we found two self-consistent solutions, as reported on the linear resonator [10] . However, one is always discontinuous as a function of and and is therefore excluded. Figure 2(a) shows that the CW mode ( = 0) is independent on the medium position , and the spot size is determined by the parameter. On the other hand, significant -dependencies can be observed in Figs. 2(b)-(d) . When the intracavity power is increased to 0.4, as in Fig. 2(b) , the spot-size variation slightly differs from that of the CW mode, typically near the stability edge: ≅ and ≅ . In the case of = 1.6, as shown in Fig.  2(d) , we can no longer find the self-consistent solution near the inner stability edge: ≅ and ≅ 0, indicating that an initially stable CW mode can evolve into an unstable pulsed mode during the KLM process. The contrasting feature is the appearance of two pairs of the sharp edges in Figs. 2(b)-(d) . These sharp edges grow into the additional regions of < and < . These behaviors allow the stable region of the pulsed mode to extend well beyond that of the CW mode into a fish-like shape, as shown in Figs. 2(c) and (d) . Therefore, an initially unstable CW mode can be expected to develop into a stable pulsed mode when the concave mirrors and the medium position, and , are properly aligned. Our calculated results provide insight into some of the experimental results where the transverse mode pattern after KLM changes from that of the CW mode [6] , and the laser power is increased by an order of magnitude to 1.2 W from a CW power of 20-40 mW [31] .
Next, we evaluate the pulse stability to show the optimal condition to achieve stable KLM in a high-power regime. Figure 3 shows the variation of as a function of the same intracavity parameters as in Fig. 2 . In each of the resonator conditions, the parameters are calculated at the position of the minimum spot size inside the gain medium, as shown in the inset of Fig. 1(b) . In the low-power regime ( ≪ 1), the stability parameter is almost the same as in Eq. (1), as shown in Fig. 3(a) . The negatively large value can be found near the inner stability edge, ≅ , and the medium is close to the center position, ≅ 0. This alignment condition is consistent with the experimental condition needed to achieve soft-aperture KLM of the ring resonators [30, 31] . However, this condition is not always satisfied in the high-power regime, because the self-consistent solution will disappear at ≅ and at ≅ 0 (see Figs. 2(d) and 3(d) ). However, when the medium is displaced from the center position (| | ≳ 1.5 mm), we can find the self-consistent solution, even if > 1. Another item of note is the condition where has a negatively large value in Figs. 3(b)-(d) . The negatively large area is mainly found at ≅ and | | ≅ 1.2, 1.5, and 2.0 mm, respectively. Therefore, in a high-power regime, the proper displacement of the Kerr medium is essential to achieve stable KLM. The negatively large can be also found at the area beyond the stability edges: < and < . Under these conditions where the CW mode is initially unstable, pulses can be built up by a strong mechanical perturbation to a laser resonator or an external injection seeding. Figure 4 illustrates why the beam propagation changes with respect to the medium position in the presence of self-focusing. As shown in Fig. 4(a) , we fix the parameter to 31.2 mm (close to ) and analyze the beam propagation at a peak power of = 2.0. When the displacement is shorter than the effective thickness, / , the focus position of the beam is inside the Kerr medium, resulting in the self-focusing collapse, as shown in Fig. 4(b) . The collapse causes damage to the medium or pulse breakup. When the displacement is near the optimal area where is negatively large, the focus position of the beam is near to the surface of the medium. In this condition ( Fig. 4(c) ), the counterbalance between linear diffraction and self-focusing, results in effective self-trapping. The self-trapping effect also has an important role in the appearance of the sharp edges, as shown in Fig. 2(b)-(d) . The further displacement, as shown in Fig. 4(d) , result in an approach to the CW mode. Although KLM may be possible because of the negative value of , the pulse will not be as stable as with the condition of Fig. 4(c) .
To summarize the calculated results in Figs. 2-4 briefly, the following guideline is provided to achieve soft-aperture KLM in ring resonators.
(i) The alignment condition in the CW operation should be close to the inner stability edge of Eq. (3). (ii) When the Kerr medium is aligned at the center of concave mirrors, KLM can be only achieved when the intracavity peak power is much lower than the critical power given by Eq. (2). (iii) To obtain the intracavity peak power higher than the critical power, the Kerr medium should be displaced longer than the effective thickness ( / ) from the center position.
Conclusion
We demonstrated the ABCD-matrix analysis of beam propagation in the ring resonator having the peak power close to or much larger than the critical power, . Our analysis considered the nonlinear propagation caused by self-focusing in a high-power regime. First, we evaluated the beam spot size as a function of intracavity parameters (peak power, and in Fig. 1 ). When the intracavity peak power approached , we found a significant dependence on the medium position, , and the stable region was significantly deformed. Depending on both and , an initially stable CW mode can be evolved into an unstable pulsed mode and vice versa. Therefore, the resonator should be properly aligned to achieve the stable transverse mode for high-peak-power pulses. Second, we evaluated the pulse stability by using the parameter in Eq. (7), which can be used to find the optimal condition of the resonator having high intracavity peak powers. This analysis provided the detailed guideline needed to achieve soft-aperture KLM in ring resonators as described above: (i)-(iii). Our analytical approach can be used in recently developed high-power oscillators [6] [7] [8] 11] , new KLM-resonator designs [35, 36] , intracavity high harmonic generation [37] , and for understanding the intracavity dynamics of KLM. Furthermore, more realistic analysis can be demonstrated by including thermal-lensing and the gain-guiding effect inside a gain medium. 
